Objects that temporally vary slowly can be superresolved by the use of two synchronized moving masks such as pinholes or gratings. This approach to superresolution allows one to exceed Abbe's limit of resolution. Moreover, under coherent illumination, superresolution requires a certain approximation based on the time averaging of intensity rather than of field distribution. When extensive digital postprocessing can be incorporated into the optical system, a detector array and some postprocessing algorithms can replace the grating that is responsible for information decoding. In this way, no approximation is needed and the synchronization that is necessary when two gratings are used is simplified. Furthermore, we present two novel approaches for overcoming distortions when extensive digital postprocessing cannot be incorporated into the optical system. In the first approach, one of the gratings, in the input or at the output plane, is shifted at half the velocity of the other. In the second approach, various spectral regions are transmitted through the system's aperture to facilitate postprocessing. Experimental results are provided to demonstrate the properties of the proposed methods.
Introduction
Every optical system can provide only limited spatial resolution. In terms of spatial frequencies, the lens is band limited and functions as a low-pass filter. The numerical aperture and the wavelength determine the cutoff frequency of the system. Thus an extension of the aperture may improve the spatial resolution of the optical system. However, physical extension is costly and is not always possible. The purpose of superresolution is to produce a synthetic enlargement of the aperture without changing the aperture's physical dimensions.
The attempts to obtain effectively larger apertures follow a single principle: They are based on certain a priori knowledge about the object. Some examples of such knowledge are that the object be approximately time independent, 1-3 polarization independent, 4 or monofrequency ͑i.e., wavelength independent͒. 5 Recently, these theories were generalized on the basis of the space-bandwidth product adaptation approach. 6, 7 One of the most appealing approaches for resolving powers that exceed the classic limits is related to temporally restricted objects and is based on two moving gratings. 2 However, under coherent illumination this approach produces an approximate resolved image. 8 The approximation is due to time averaging of the intensity instead of the field distribution as required by theory. However, if the expanded synthetic aperture is wider than the spectral bandwidth of the input object ͑which is also wider than the optical aperture͒, a good superresolved output can be obtained.
The superresolving approach based on two moving gratings has two major disadvantages: the need for accurate synchronization of two gratings and the need for close contact between the gratings and the input and output planes.
When extensive digital postprocessing can be incorporated into the system, a method based on replacing the second grating with a virtual grating produced electronically and some postprocessing algorithms can be effective. 9 Figure 1 shows such a system schematically. Furthermore, it was shown in Ref. 3 that, if two Dammann gratings replace the Ronchi gratings, the distortion caused by the nonequal orders will no longer exist.
In Section 2 we give a brief explanation of the main principles behind the time-multiplexing approach.
In Section 3 we describe the methods for obtaining accurate coherent superresolution.
Operating Principles of Superresolving Optical Systems
A simplified description of the coherent superresolution working principles is based on the system presented in Fig. 1 but with a physical decoding grating instead of a virtual grating. This explanation is necessary for an understanding of ways in which accurate coherent superresolution can be achieved and the way in which the virtual grating technique works.
We consider partitioning the spatial spectrum, Ũ In ͑͒, of the object such that it consists of three sequential spatial frequency bands, defined as
where ⌬ is the cutoff frequency of the band-limited system and 0 is the grating's basic frequency ͓Fig. 2͑a͔͒. In this specific example, the system aperture is effectively enlarged to three times its actual size. The system can achieve an even wider synthetic aperture than that. Looking at the overall spatial spectrum, one can see that it can be represented as
where R denotes the convolution operation. Note that each band has a spatial frequency bandwidth, which is determined by the aperture diameter. The Fourier transform ͑FT͒ of the object's intensity is essentially the autocorrelation of the FT of the field distribution,
where ‫ء‬ denotes the correlation operation. This expression is plotted in Fig. 3͑a͒ . Bearing in mind that Eq. ͑3͒ is the spectrum of the desired output image that we want to generate in a superresolution system, let us look at the system in Fig. 1 . Optical system for obtaining an increased effective aperture with a physical moving grating at the input plane and a computer-generated virtual grating at the output. Fig. 2 . Main principles of coherent superresolution in the spectral domain: ͑a͒ FT of the input, ͑b͒ FT of the field distribution after it passes the first grating, ͑c͒ FT after it passes the system's limited aperture, ͑d͒ FT of the field after it passes the second grating and before time averaging. the spatial domain. The field distribution after the first grating can be expressed as
This grating ͓G1͑x Ϫ V 1 t͔͒ is used for encoding the object's spatial information by a temporal phase and to permit its transmission through the limited aperture placed in the center of the imaging system. After the propagation of light through the first lens, a FT of the field distribution is performed:
Because of the movement of the encoding grating, at the spatial spectrum plane of the system each of the sequential spatial frequency bands is encoded with a different temporal phase ͑ ϭ Ϫ2 0 Vt͒, as can be seen from Fig. 2͑b͒ . The temporal phase can also be interpreted as having a slightly different wavelength ͑Doppler effect͒. After a beam passes through the system's finite aperture,
a low-pass signal is obtained ͓Fig. 2͑c͔͒:
After the beam propagates through the second lens and just before the second ͑decoding͒ grating, another Fourier transform is performed:
Note that, when a Fourier transform instead of the required inverse FT is performed, an inversion of the x axis occurs. In our case, the inversion does not influence the superresolution process.
At that output plane, the encoded signal is decoded ͑demodulated͒ with the second moving grating ͓G 2 ͑x Ϫ V 2 t͔͒. Thus the field distribution phasor is as seen in Fig. 2͑d͒ :
Now for ͑V 1 ϭ V 2 ϭ V͒ and if time integration is applied to the intensity with a device such as a photodetector or a CCD, it cancels all expressions that contain a time dependence expressed as a phase shift of ͑ ϭ 2 0 mVt͒ during the integration process.
Hence we get the following expression for the intensity ͓Fig. 3͑b͔͒:
Note that Eq. ͑10͒ differs from Eq. ͑3͒, which is the desired result, by factors multiplying each of the frequency bands. Those factors multiply different correlated expressions. Inasmuch as the bandpass of a correlated expression is the sum of the bandpass of each term in the correlation operation, each frequency band contains terms from bands beside it and creates a distortion that cannot be filtered in the output plane unless a change is made in the system. The coefficients of the various terms in Eq. ͑10͒ depend on the number of diffraction orders. For a grating that has Q orders, the coefficients will differ starting from Q down to ͓Q Ϫ ͑N Ϫ 1͔͒, where N is the number of spectral bands contained in the input spatial spectrum. Therefore, under the condition that the expanded synthetic aperture be much wider than the spectral bandwidth of the input object ͑Q Ͼ Ͼ N͒, an approximate superresolving output is obtained, because Eq. ͑10͒ becomes almost identical to Eq. ͑3͒. In the above analysis, Dammann gratings with equal spectral responses were
This of course would distort the output by essentially providing a low-pass enhancement.
Image Processing Techniques for Improved Coherent Superresolution
In Section 2 it was shown that the conventional method for coherent superresolution when two physical moving gratings are used causes distortion of the superresolved image. 3 The distortion is due to the fact that the detection process averages intensity values rather than field distribution. Shemer et al. 9 have shown that digital processing can replace the second grating with a virtual grating. Furthermore, when the virtual grating is used, the distortion mentioned above no longer exists. A simple explanation for this result can be seen when one looks at the field distribution after the finite aperture, as presented by Eq. ͑8͒. This is the field distribution that impinges upon the CCD when no decoding grating is present. The CCD grabs the intensity and transfers it to the computer. The computer processing uses a stored ͑or generated͒ intensity grating image and multiplies it by the grabbed image. The result is stored and added to the next image product to produce the desired time averaging. Because multiplication is done between intensity images, no distortion is present when time averaging is performed. In this case, the only distortion that appears in the reconstructed image can result from use of a Ronchi grating instead of a Dammann grating as the encoding ͑first͒ grating. However, if a Ronchi grating is used for encoding the input information, compensating techniques ͑discussed in the following sections͒ can also be applied to overcome the distortion caused by that grating. This method is flexible but requires a large memory for storing the instantaneous images and a fast CPU for multiplication and to perform the fast FT operations. Therefore, when extensive digital postprocessing cannot be incorporated into an optical system, it is desirable to have methods that can produce accurate coherent superresolution by use of minor digital postprocessing. In what follows, we address this issue and show novel methods for implementing it.
A. Improved Coherent Superresolution Technique That Uses Half-Velocity Movement
The following method is based on using two gratings that are laterally displaced with different velocities. One grating is moving at half the velocity of the other. To understand this concept, let us consider the FT field distribution just after the first grating, as presented by Eq. ͑5͒. The light intensity on the CCD plane after the light passes the second grating is
Now, if we move, for example, the second grating with a velocity that is half of the velocity of the first grating, V 2 ϭ V 1 ͞2, and time average it with the detector, we get
where
and d is the grating period. By defining the following,
and replacing it in the appropriate places in Eq. ͑11͒, we obtain
Here the exponential term ͓exp͑2iXv 0 n͔͒ in Eq. ͑15͒ will cause shifts in the spectral domain as presented schematically in Fig. 4͑b͒ and therefore permit the distorted signal to be corrected. Moreover, the reconstructed image will be obtained only after postprocessing, which will realign the spectral regions at the appropriate frequencies in the spectral plane. Furthermore, the decoding grating as shown in Fig. 5 Fig . 4 . Half-velocity movement technique: ͑a͒ Spectrum of the field distribution after the spectrum passes through the second grating. ͑It has five orders, and V 2 ϭ V 1 ͞2.͒ ͑b͒ Intensity spectrum of ͑a͒ after time averaging by the CCD. has to have twice as many orders for the image to be reconstructed because the odd order, which has a fraction of temporary phase , is canceled and the remaining terms are related to the even orders of the decoding grating ͓see Fig. 4͑a͔͒ . Hence the spectrum of the reconstructed image before realignment is twice the spectrum of the image after realignment, as can be seen by comparison of Figs. 3͑b͒ and 4͑b͒ .
B. Improved Coherent Superresolution Technique That Uses Multiple Gratings
According to Eq. ͑15͒ but with V 1 ϭ V 2 , the intensity obtained in the CCD after time averaging in the detection process and when coherent illumination is used can be expressed as
To avoid the overlapping exhibited in Fig. 3͑b͒ and to apply correction factors for each band, we consider two approaches: In the first approach the spectrum of the object is used, and in the second approach the system transmission is used. We consider the case in which the first grating is divided into two regions. The first region consists of a grating that has the Fourier coefficients.
A n
The second region should consist of a grating that has odd orders. However, because an intensity grating with odd orders and zero dc power is not physical, digital subtraction between the basic grating that has all the orders and the even-order grating must be made:
In this case the Fourier transform of each summation term will be as shown in Fig. 6͑a͒ for the first grating type and in Fig. 6͑b͒ for the second type. One may see that now, because separate regions exist between the transmission regions, there will be no overlap among the spectral bands because no information will be transmitted. Thus spectral correction may be made by minor postprocessing. After the corrections the output results obtained for each grating type are summed to produce the reconstructed image.
In the second approach we assume that the second grating is also divided into two regions in the same way as in the previous approach. The first region consists of a grating with Fourier coefficients
and the second region consists of a basic grating that has all the orders, which, after digital subtraction with the even-order grating, can produce the required odd-order grating:
When the values of m or n are even, the reconstructed image for this region will also contain even spectral parts of the original spectrum, which are related to the even orders of the grating ͓see Fig. 6͑a͔͒ . When m or n is odd, the reconstructed image for this region will contain odd spectral parts, which are related to the odd orders of the grating ͓see Fig. 6͑b͔͒ . Thus the autocorrelation expression ¥ m B mϩnϪnЈ B mЈ * will have separate regions to prevent overlapping of the spectral bands, and a spectral correction may be made by postprocessing with simple digital elements. Fig. 6 . Multiple-grating approach to superresolution, which yields spectral band separation and nonoverlapping cross correlation terms ͑dashed lines͒: ͑a͒ even-order grating, ͑b͒ odd-order grating.
After corrections, the output results obtained for each grating type are summed.
Experimental Results
To demonstrate the suggested approach, we performed experiments based on the multiple-grating technique. In the experiment we used coherent illumination from a YAG laser with ϭ 532 nm ͑maximum power, of 500 mW͒ and, for the input image, a portion of a rosette ͓Fig. 7͑a͔͒. Each row in the rosette exhibits a different spatial frequency in the horizontal direction, as one can see from the cross section of the one-dimensional Fourier transform ͓Fig. 7͑b͔͒. This allows us to investigate the superresolving capabilities of different frequencies exhibited in each row. Each of the methods presented in this paper can be implemented and compared with the other methods by use of the virtual grating technique; therefore it was more convenient and more accurate to conduct the experiments with a virtual grating. The setup used for the experiments is the same as shown in Fig. 1 . The first grating for encoding was a Ronchi grating with a basic period of 100 m. This grating was shifted a distance that equals a known fraction of the period; then the image was grabbed and multiplied by a shifted version of the grating in a computer. A slit was placed in the Fourier plane ͑the aperture plain͒ to mimic a low-performance imaging system ͑see Fig. 8͒ . Exploiting the Fourier coefficients of the Ronchi grating should yield at least a 3ϫ improvement in superresolution. Figure 9͑a͒ is the image obtained from the computer decoding superresolution approach without correction for the Ronchi grating distortion. Figure 10͑a͒ presents the same output but with the correction for the Ronchi grating. Note that the only distortion presented here is due to the use of a Ronchi grating. However, the correction shows that other distortions and imperfections suffered by the reconstructed image can be corrected. In all the output images, a cross section of the output spectrum in each case was also presented. It can easily be seen that the corrected Fig. 7 . ͑a͒ Input image; ͑b͒ horizontal cross section of the input image's spectrum. Fig. 8 . ͑a͒ Distorted input image after the image passes through the system's finite aperture; ͑b͒ horizontal cross section of the distorted input image's spectrum.
resolved image in Fig. 10 exhibits less distortion than the noncorrected resolved image depicted in Fig. 9 .
Conclusions
In this paper we have introduced and experimentally demonstrated novel approaches to obtaining improved superresolution under coherent illumination. Our aim has been to overcome the distortions inflicted by the use of coherent illumination and by the use of a Ronchi grating for encoding the information. One method for obtaining superresolution is based on using a virtual grating with correcting factors implemented by a computer. However, the trade-off is the need for massive computer calculations. The other methods are based on two physical gratings and require minor digital calculations. The experimental results show the optoelectronic applications of the proposed techniques. 
